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Double-Edged Sword
Kreshnik Nasi Begolli

Lindsey Engle Richland

University of California, Irvine

University of Chicago

Comparing multiple solutions to a single problem is an important mode for developing flexible
mathematical thinking, yet instructionally leading this activity is challenging (Stein, Engle, Smith, &
Hughes, 2008). We test 1 decision teachers must make after having students solve a problem: whether
to only verbally discuss students’ solutions or make them visible to others. Fifth grade students were
presented with a videotaped mathematics lesson on ratio in which students described a misconception and
2 correct strategies. The original lesson was manipulated via video editing to create 3 versions with
constant audio but in which the compared solutions were a) presented only orally, b) visible sequentially
in the order they were described, or 3) all solutions were visible after being described throughout the
discussion. Posttest and delayed posttest measures revealed the greatest gains when all solutions were
visible throughout the discussion, particularly better than only oral presentation for conceptual knowledge. Sequentially showing students visual representations of solutions led to the lowest gains overall,
and the highest rates of misconceptions. These results suggest that visual representations of analogs can
support learning and schema formation, but they can also be hurtful—in our case if presented as visible
in sequence.
Keywords: analogy, working memory, misconceptions, teaching strategies, video-lesson

Orchestrating classroom lessons in which learners successfully
accomplish such structure mapping is not straightforward for many
reasons. First, classroom discussions often involve comparisons
between a misconception and a valid solution strategy, which may
be particularly effortful in regards to structure mapping and
schema formation, because misconceptions often derive from
deeply or long-held beliefs that may be difficult to overcome
(Vosniadou, 2013; Chi, 2013; Chinn & Brewer, 1993). Second,
reasoners often fail to notice the relevance or importance of doing
structure mapping unless given very clear and explicit support cues
to do so (see Alfieri, Nokes-Malach, & Schunn, 2013; Gick &
Holyoak, 1980, 1983; Gentner, Loewenstein, & Thompson, 2003;
Ross, 1989; Schwartz & Bransford, 1998), Third, reasoners may
intend to perform structure mapping but the process breaks down
because their working memory or cognitive control processing
resources are overwhelmed: (Cho, Holyoak, & Cannon, 2007;
English & Halford, 1995; Morrison, Holyoak, & Troung, 2001;
Richland, Morrison, & Holyoak, 2006; Waltz, Lau, Grewal, &
Holyoak, 2000; Paas, Renkl, & Sweller, 2003). Working memory
is required to represent the relationships operating within systems
of objects as well as the higher order relationships between a
familiar representation (source analog) and less familiar representation (target analog). In this case, to mentally consider the relationships between two solution strategies, one must hold in mind
the steps to each solution strategy being compared, must reorganize and rerepresent these systems of relations so that their structures can align and map together, identify meaningful similarities
and differences, and derive conceptual/schematic inferences from
this structure-mapping exercise to better inform future problem
solving (see Morrison et al., 2004; Morrison, Doumas, & Richland,
2011). Lastly, reasoners’ prior knowledge plays an additional role

Comparing different student solutions to a single instructional
problem is a key recommended pedagogical tool in mathematics,
leading to deep, generalizable learning (see Kilpatrick, Swafford,
& Findell, 2001; National Mathematics Panel, 2008; Common
Core Curriculum, 2013); however, the cognitive underpinnings of
successfully completing this task are complex. In order to understand that 2 ⫹ 2 ⫹ 2 conveys the same relationships as 2 ⫻ 3, for
example, students must perform what has been theoretically described as structure-mapping: represent the multiple solutions as
systems of mathematical relationships, align and map these systems to each other, and draw inferences based on the alignments
(and misalignments) for successful schema formation (see Gentner, 1983; Gick & Holyoak, 1983). Structure-mapping is posited to
underlie the processes of analogical reasoning where one source
representation (e.g., 3 – 1 ⫽ 2), is mapped to a target representation (e.g., x – 1 ⫽ 2), (Gentner, 1983).
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(Holyoak & Thagard, 1989; Holyoak, 2012). Those without adequate knowledge of the key relationships within the source and
target representations are either unlikely to be able to notice
structure mapping (Gentner & Rattermann, 1991; Goswami, 2001;
Fyfe, Rittle-Johnson, & DeCaro, 2012), or this process will impose
higher processing load than it would for those with more domain
expertise (Novick & Holyoak, 1991).
These challenges mean that the instructional supports are very
likely essential to whether students notice and successfully execute
structure mapping between multiple solution strategies. The current study tests a classroom-relevant mode for providing such
support—providing visual representations of the source and target
analogs. The study manipulation assesses whether a) making
source and target analogs visual (vs. oral) increases the likelihood
that participants will notice and successfully benefit from structure
mapping opportunities, and b) whether learning is enhanced if the
visual representations of all compared solutions are visible simultaneously during structure mapping. The former should increase
the salience of the relational structure of each representation,
while the latter should reduce the working memory load and
cognitive control resources necessary for participants to engage in
structure mapping and inference processes.
Understanding the relationships between visual representations
and learners’ structure mapping provides insights into both a key
pedagogical practice and improving theory on structure mapping
and analogy more broadly. Teachers tend to find it difficult to lead
students into making connections between problem solutions, and
one productive way to support them is to provide guidelines for
such discussions (e.g., see Stein, Engle, Smith, & Hughes, 2008).
Our study methodology is designed to lead to generalizable
guidelines for the use of visual representations during classroom
discussions comparing multiple solutions to a single problem.
Observational data suggest that U.S. teachers do not regularly
provide visual representations to support multiple compared solution strategies, and when they do, they are less likely than teachers
in higher achieving countries to leave the multiple representations
visible simultaneously (Richland, Zur, & Holyoak, 2007). The
literature on the role of making representations visible suggests
that presenting source and target analogs simultaneously versus
sequentially leads to better learning (Gentner et al., 2003; RittleJohnson & Star, 2009; Richland & McDonough, 2010; Star &
Rittle-Johnson, 2009), but these studies did not examine comparisons between an incorrect and a correct strategy. On the other
hand, learning from incorrect and correct strategies was better than
learning from correct strategies only (Durkin & Rittle-Johnson,
2012; Booth et al., 2013), but these studies have not investigated
the role of visual supports. Thus this study may provide first
evidence toward a guideline for teaching instructional comparisons
with visual representations, particularly in the context of comparing a misconception and a correct student solution.
To maximize the relevance of our findings for teaching practices, we test alternative uses of visual representations within a
mathematics lesson on proportional reasoning—a topic central to
curriculum standards. Stimuli and data collection are conducted in
everyday classrooms. The proportional reasoning lesson is situated
in the context of a problem—asking students to find the best
free-throw shooter in a basketball game. In this lesson, students are
guided to perform structure mapping between three commonly
used solution strategies: a) subtract between two units (e.g., sub-
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tract shots made from shots tried, which is incorrect and a common
misconception), b) find the least common multiple between two
ratios (e.g., proportionally equalize shots made to compare the
shots tried), and c) divide two units to find a success rate (e.g.,
divide shots made by shots tried).
In addition, the work provides insights into theory on structure
mapping and analogy. We examine a specific case of schema
formation from structure mapping: identifying misalignments between two representations, in our case “subtraction” (a common
misconception) and “proportions” (e.g., rate or ratio). To benefit
from this structure-mapping exercise, students have to identify
elements that are not aligned between the two relational structures.
Namely, the difference between comparing a single unit (e.g.,
shots missed) and a relationship between two units (e.g., shots
made and shots tried). Schema formation about proportional reasoning would derive from understanding the higher order differences between these two ways of attempting to solve the proportion problem. In contrast, structure-mapping failures may lead to
the adoption of an inappropriate source (single unit comparison),
or at best the target (relational comparison), but neither of which
would be schema formation. In fact, either of these could hinder
structure mapping, lead to misconceptions, and/or reduce transfer
when solving later problems. We expect our findings to provide a
more nuanced view on the possible implications of visual representations in terms of supporting or straining working memory
resources necessary for successful structure mapping and its influence on students’ mathematical knowledge.
We examine these research questions using an experiment
that employs methods and measurements designed with the aim
to optimize both ecological validity and experimental rigor. We
utilize stimuli that approximate a true classroom experience—a
single mathematics video-lesson recorded in a real classroom—
then randomly assign students within each classroom to watch
one of three versions of the lesson (see Figure 1). The recording
is video-edited to support or strain working memory resources
through variations in the visibility of representations. We use
four carefully designed pre-post and delayed posttest measures
to assess the impact of these manipulations on: 1) procedural
understanding—students’ ability to reproduce taught procedures; 2) procedural flexibility—participants’ ability to understand multiple solutions and to deploy the optimal strategy; 3)
conceptual understanding— understanding the concepts underpinning rate and ratio; and 4) use of misconceptions. These
measures enable us to not only assess which use of visual
representations is most effective for promoting learning, but
they also let us better understand the processes by which
children have been learning in each of the three conditions.
Memory and retention of the instruction would be reflected in
procedural understanding measures, while schema formation
would be better reflected in the procedural flexibility and conceptual understanding measures. We theorize that working
memory is the mechanism underpinning differences between
these conditions on learning, since more working memory is
required to hold visual representations in mind when reasoning
about information that is not currently visible.
Thus, findings from this experiment will yield both theoretical
insight into the role of visual representations for complex structure
mapping, retention, and schema formation, and provides practice
relevant implications for everyday mathematics teachers.
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Figure 1. Still images illustrating the experimental conditions created through video editing. From left to right,
the first picture shows only the teacher while obstructing the writing on the whiteboard (Not Visible condition),
the middle picture shows only the most recent problem solution (Sequentially Visible condition), and the third
picture shows the whole board (All Visible condition). See the online article for the color version of this figure.

three tests (pretest, immediate posttest, and retention test) with
ages ranging between 11 and 12 years old.

Method
Participants
Eighty-eight participants were drawn from a suburban public
school with a diverse population. Data from students who missed
the intervention were omitted since their scores were not affected
by our manipulation. Students who missed the pretest were also
excluded from the analyses. They were excluded rather than having their data imputed (Peugh & Enders, 2004) due to concerns
that solving pretest problems may have changed the learning
context for those who took it due to a testing effect (Richland,
Kornell, & Kao, 2009; Bjork, 1988; Carrier & Pashler, 1992;
McDaniel, Roediger, & McDermott, 2007; Roediger & Karpicke,
2006a, 2006b; for a review see Richland, Bjork, Linn, 2007). The
final analyses included 76 students (32 girls) who completed all

Figure 2.

Materials
Materials for the intervention consisted of a worksheet, a netbook, and a prerecorded video lesson embedded in an interactive
computer program. Figure 2 provides a visual of the process for
developing the lesson and administering it as stimulus to students
in different schools.

Interactive Instructional Lesson
Proportional Reasoning. There is a large literature researching student thinking about ratio that has contributed to evidence
that can predict students responses to proportion problems. (e.g.,

A process overview of using video to create experimental manipulations.
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Hart, 1984; Hunting, 1983; Karplus, Pulos, & Stage, 1983; Kaput
& West, 1994; Lamon, 1993a,1993b; Lo & Watanabe, 1997;
Shimizu, 2003). Kilpatrick et al. (2001) identified proportional
reasoning as requiring refined knowledge of mathematics and as
the pinnacle of elementary arithmetic critical for algebraic and
more sophisticated mathematics. Ratio was chosen for this study
for two reasons: (a) it is part of the common core standards for
sixth grade because it is essential for subsequent learning of
algebra and (b) previous research has shown that ratio problems
are cognitively taxing, leading to more diverse systematic student
responses, useful for understanding mathematical thinking.
Lesson content and teacher collaboration. An approximately 40-min lesson was developed by the authors in collaboration with a nationally board certified public school teacher (see
Appendix A for a sample of the transcript from the lesson). First,
a lesson script was written based on a previously published lesson
model (Shimizu, 2003) on which the teacher and the authors
performed practice trials without students. During practice, the
transcript was modified to feel more natural within the teacher’s
instructional style. The script provided specific details on how to
present the main instructional problem; identify key student responses, present them on the board in a predetermined sequence,
organize student responses on the board; the type of gestures to
use, and so on. The teacher then taught the scripted lesson to her
students in her regular classroom. Students were not given instructions and were expected to act spontaneously as they normally
would during class hour. This teacher and students were not
participants in our study. They only partook during the recording
of the lesson which was used as stimulus for other students.
The lessons began with the teacher asking her students to solve
the problem below.
Ken and Yoko were shooting free-throws in a basketball game.
The results of their shooting are shown in the table below (Table
1). Who is the better free-throw shooter?
This was a novel problem and students were not given hints or
instruction on how to solve it. The teacher’s only instruction was
to “solve any way you know how,” and that “the class can learn
from all the answers.” If students objected because they did not
know how to solve this, the teacher encouraged them to use any
strategy they liked.
During the time when the students solved the problem, the
teacher circled the room to identifying three students that used the
three strategies listed in Table 2.
After a 5-min period, those three students were called to the
board to share their solutions with the class. The sequence of
strategies was presented based on this published lesson model
(Shimizu, 2003). First, the incorrect solution C was verbalized by
a student while the teacher wrote it on the board. Next, solutions
B and then A were presented in the same manner with different
students describing their strategies, followed by a short discussion
on what the student was thinking when using the strategy. After all
Table 1
Problem Solved and Discussed During Videotaped Lesson

Ken
Yoko

Shots made

Shots tried

12
16

20
25
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solutions were presented the teacher orchestrated a discussion
comparing the different solution methods to achieve specific goals.
The teacher’s goals were: (a) to challenge students’ common
misconception (strategy C—subtraction) by asking students
whether strategy C is reasonable if the numbers changed (Ken
makes 0 out of 4 free throws and Yoko makes 5 out of 10), (b)
introduce the concept of proportional reasoning (strategy B) by
leading students to notice that proportions can be compared by
making one number (i.e., the denominator) constant in each ratio
and then comparing the other number (i.e., the numerator) to
determine which ratio is larger, (c) to challenge students to notice
that the least common multiple strategy can become more difficult
for larger and prime numbers, (d) to notice that using division
(solution A) is the most efficient strategy, since it does not change
much in difficulty, regardless if the numbers increase. These points
were orchestrated by the teacher through predesigned comparisons
that led her to introduce the concept of ratio, while the class
responded spontaneously to her prompts.
The crux of our manipulation came from applying video-editing
techniques to the recording to create three different versions of the
same lesson. FINAL CUT PRO’s (FCP) 7.0.3 academic version’s
various editing features were used such as zooming, cropping, or
different camera perspectives of the screen canvas to either: (a)
hide the board to create a version of the lesson for the Not Visible
condition; (b) show only the section of the board most recently
discussed, but hide other areas of the board to create a version of
the lesson for the Sequentially Visible condition; or (c) show the
whole board throughout the version of the lesson in the All Visible
condition. Thus, the same content was verbalized in all three
lesson versions, but with systematic differences in visual cues.
Each version of the lesson was strategically divided into nine
clips with an approximate range from 1 min to 8 min. The
endpoints of each clip were chosen based on when the teacher
asked questions to the class. Each version of the video-lesson was
made interactive by embedding clips of the video in a computer
program written specifically for this study. At the end of each clip,
the program prompted students with questions that were asked by
the teacher in the videotaped classroom. Students in all conditions
either wrote their answers on a packet provided by the experimenters, or selected multiple choice questions that the computer program collected as assessment data. This methodological approach
of stimuli creation, provided a rigorous level of experimental
control of a highly dynamic context—an everyday classroom.
Further, it allowed for randomization within each classroom.

Assessment
The assessment was designed to assess schema formation and
generalization. Mathematically, the assessment included three constructs, procedural knowledge, procedural flexibility, and conceptual knowledge (Rittle-Johnson & Schneider, in press). These
constructs were conceptually derived from Rittle-Johnson and Star
(2007, 2009), and adapted to the core concepts and procedures
underlying ratio problems. Items used for assessing each knowledge type are included in Appendix B. The items on the pretest and
posttests were identical, but the pretest contained five additional
procedural knowledge problems used to assess students’ prerequisite knowledge of basic procedures (e.g., division by decimals,
finding the least common denominator). Detailed scoring on all of
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Table 2
Three Student Solutions Compared During the Videotaped Instructional Analogy Lesson
A

B
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C

Student finds the number of goals made if each player shoots only 1 free
throw. Ken: 12 goals ⫼ 20 shots ⫽ .6, and Yoko: 16 goals ⫼ 25 shots ⫽
.64. Answer: Yoko, because she gets more goals for the same number of
free throws (.64 ⬎ .60).
Student compares the number of goals if each player shoots the same number
of free throws. Using 100 as the last common multiple, we get Ken: 60/
100 and Yoko: 64/100. Answer: Yoko, because she would get more goals if
they each shot 100 times (64/100 ⬎ 60/100).
Student compares the players by finding the difference between the number
of free throw shots and the number of goals. Ken: 20 shots ⫺ 12 goals ⫽
8 misses, and Yoko: 25 shots ⫺ 16 goals ⫽ 9 misses. Answer: Ken,
because he missed fewer times than Yoko (8 ⬍ 9).

the items can be found in Appendix B. Scores for each construct
were averaged to yield an overall mean for that particular construct. Student produced strategies were coded for use of: (a)
division, (b) least common multiple, (c) subtraction, (d) ratio, (e)
other valid strategy (e.g., cross multiplication), (f) other invalid
strategy (e.g., addition). For the analyses, these codes were collapsed for each problem into correct or incorrect. Open-ended
questions (e.g., what is the definition of ratio?) were given a binary
score of either correct or incorrect. Interrater agreement for three
raters was calculated on 20% of each test phase on whether the
strategy was correct or incorrect ranging from 95–99% (0.88 – 0.97
Kappa). Strategy specific coding was less reliable ranging from
86%–92% (0.79 – 0.85 Kappa).
Procedural Knowledge. Seven problems measured baseline
ability and growth in procedural understanding. The procedural
knowledge construct was designed to test: (a) students’ knowledge
for producing and evaluating solutions of: familiar problems (i.e.,
similar in appearance to the problem used in the video lesson; n ⫽
2 produce; n ⫽ 3 recognition), (b) transfer problems (i.e., students’
competence to extend these solution strategies to problems with
novel appearance, but similar context; n ⫽ 2). Students received
one point if they produced the correct solution method and another
point if they produced a correct solution method and made an
inference to reach a correct answer. Students received one point if
they recognized the correct strategy on multiple-choice questions.
One procedural transfer problem showed no sensitivity to the
intervention, so it was dropped from the analyses (average change
of 5% from pretest to posttest; see Problem 4 in Appendix B for
details). Cronbach’s alpha on the remaining items was .88 at
posttest, .91 at delayed posttest, and .86 at pretest, which are above
the suggested values of .5 or .6 (Nunnally, 1967).
Procedural flexibility. The procedural flexibility construct
measured: (a) students’ adaptive production of solution methods
(n ⫽ 3), (b) their ability to identify the most efficient strategy (n ⫽
1), and (c) students’ ability to identify a novel solution method
which was related to a taught strategy (n ⫽ 1). For (a) students
were presented with one problem containing three items. The first
item asked students to produce two strategies (and correct answers) for the same problem. The second item asked students to
evaluate which of the two strategies was most effective. The third
item asked students to select one out of four reasons for their
choice on Item 2. Students could receive two points for the first
item and one point on the last two items. For (b) students were
presented a multiple-choice problem that required them to identify

Most efficient generalizable strategy

Finding least common multiple: Drawback, difficult
when larger numbers
Misconception (incorrect): subtract values and compare
differences without considering the ratio.

the optimal strategy from two valid and two invalid strategies. For
(c) students were presented with a multiple choice problem that
probed students’ competence to identify the correctness of a related but novel method of solving a problem (i.e., finding the
lowest common multiple for the numerator instead of the denominator). Both (b) and (c) were scored for accuracy. Cronbach’s
alpha on the flexibility construct was .68 at posttest, .67 at delayed
posttest, and .57 at pretest.
Conceptual knowledge. The conceptual knowledge construct
consisted of seven items that were designed to probe students’
explicit and implicit knowledge of ratio. Students’ explicit knowledge was measured by asking them to write a definition for ratio,
which was scored for accuracy. The other six items measured
students’ implicit understanding and transfer to new contexts. One
problem probed whether students could conceptually examine two
sets of non-numerical quantities (i.e., pictures of lemon juice and
water), adapt their just learned solution methods to this novel
context, and compare the sets to decide which ratio was greater
(i.e., which lemonade was more lemony?). On this problem, students were scored on whether they could produce the correct setup
given objective quantities and choose the correct set (when using
the correct setup). The remaining problems were scored for accuracy. One multiple-choice item that was part of a procedural
knowledge problem probed whether students could conceptually
evaluate the multiplicative properties of a solution procedure they
had produced (see Problem 1 in Appendix B under the Procedural
and Conceptual Knowledge sections). Three conceptual questions,
two fill-in-the-blank, and one multiple choice, probed students’
understanding of units in correspondence to ratio and rate numerical quantities. One of these unit questions was dropped due to
floor effects (only 6 out of 97 students responded correctly; see
Problem 5, Part 3 in Appendix B for details). Lastly, one problem
asked students to recognize the correct solution and setup for a
novel problem type and context. However, this problem suffered
from ceiling effects and was not sensitive to intervention (averages
ranged between 81%– 89%; average change ⫺3% from pretest to
posttest; see Problem 8 in Appendix B for details). Thus, it was
omitted from the analyses. Cronbach’s alpha on the remaining
items was .66 at posttest, .64 at delayed posttest, and .42 on pretest.
Reliability at pretest was lower due to floor effects.
Common misconception. Misconceptions are mistakes that
students make based on inferences from prior knowledge, which
obstruct learning (Smith, diSessa, Roschelle, 1993). Based on a
published lesson (Shimizu, 2003), pilot data, and pretest data, a
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solution involving subtraction was expected to be the most common misconception participants would bring to the study. A subcoding assessed how frequently students used the subtraction
method. The common misconception measure examined students’
use of subtraction on near transfer procedural problems that looked
like the instructed problem in the video lesson.
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Design and Procedure
Students within four classrooms, not in the videotaped classroom, were randomly assigned to three experimental conditions:
Not Visible (n ⫽ 26), Sequentially Visible (n ⫽ 26), or All Visible
(n ⫽ 24). All students were administered a pretest, 1 week later
completed the video-lesson intervention and an immediate posttest, and o1 week later completed a delayed posttest. Students
underwent the intervention before being introduced to rate and
ratio in their regular curriculum.

Results
Baseline Data
One-way ANOVAs were conducted first to establish that the
randomization was successful and there were no differences between conditions on each of the above described constructs. At
pretest, there were no differences between conditions on any of the
outcome constructs: procedural, procedural flexibility, conceptual
knowledge, and common misconception with all p values above
.05, Fs (2, 80) ⫽ 0.69, 0.53, 0.71, and 0.29, respectively. At
pretest, students used mostly invalid strategies when solving ratio
problems, and left a significant proportion of the problems blank
(see Table 3). The average scores at each test point by condition
are summarized in Table 4.

Condition Effects
Analysis plan overview. We next sought to examine the
effects of condition on each of the dependent variable constructs
measured. There were three primary constructs: procedural knowledge, procedural flexibility, and conceptual understanding, and
one additional measure to gather deeper information on the impact
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of the manipulations on inappropriate retention— use of the misconception.
We conducted separate ANCOVAs for each outcome measure
with both posttests as a within-subjects factor (immediate test and
delayed test) and condition as a between-subjects factor. Students’
pretest accuracy and their classroom (i.e., teacher) were included
as covariates. In the model, the pretest measure matched the
posttest measure, such that procedural knowledge pretest served as
a covariate for the procedural knowledge posttests, and so on.
Levene’s test of variance homogeneity was used to ensure that all
measures were appropriate for use of the ANCOVA statistic.
These analyses yielded no significant differences in variance between groups on all measures (F values range .078 ⬍ F ⬍ 1.764
and p value range .173 ⬍ p ⬍ .925), apart from the score for how
often students used the misconception. The measure of misconception use was therefore analyzed using Mann–Whitney U comparisons of pretest to posttest gain scores across conditions, with a
Bonferroni correction for multiple comparisons.
When a main effect of condition was present on an ANCOVA
analysis, least significant difference tests were used to determine
whether there were differential effects of condition on posttest
performance. Student performance was not expected to change
between posttests because students continued to learn about ratiorelated concepts after the intervention and our within-subject test
for time confirmed this prediction.
Main effects of condition. The results of each ANCOVA are
summarized in Table 5. For each outcome there was a main effect
of condition with moderate to high effect sizes (.11 ⬍ 2 ⬍ .15)
and sufficient power (.77 ⬍ (1⫺␤) ⬍ .90). Pretest was a significant predictor for each construct, though misconception use was
not independently predictive. There were no expectations that time
of test or classroom teacher would interact with condition and our
tests support this. Pairwise comparisons between conditions on
each construct are reported below (see Table 6 and Figure 3).
Procedural knowledge. Students in the All Visible condition
outperformed students in the Sequentially Visible condition in
procedural knowledge. An unexpected finding was that students in
the Not Visible condition also outperformed students in Sequentially Visible condition (see Table 6). Not seeing the board did not
affect students’ procedural knowledge compared to students who
saw all solutions on the board simultaneously.

Table 3
Solution Strategies Produced for Ratio Problems by Condition

Pretest
All visible
Seq. visible
Not visible
Posttest
All visible
Seq. visible
Not visible
Delayed
All visible
Seq. visible
Not visible

Blank

Division

Least common
multiple

Ratio setup

Subtraction

Other valid

Other invalid

25%
24%
17%

4%
8%
10%

18%
7%
10%

9%
4%
8%

20%
21%
22%

7%
4%
2%

18%
30%
30%

14%
12%
5%

48%
19%
39%

22%
15%
21%

1%
1%
1%

13%
29%
21%

3%
1%
1%

4%
17%
14%

16%
15%
12%

39%
25%
30%

22%
12%
19%

1%
0%
4%

10%
32%
19%

3%
5%
4%

6%
11%
12%

BEGOLLI AND RICHLAND

200
Table 4
Student Scores, by Condition
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Pretest

Procedural
All visible
Sequentially visible
Not visible
Flexibility
All visible
Sequentially visible
Not visible
Conceptual
All visible
Sequentially visible
Not visible
Common misconception
All visible
Sequentially visible
Not visible

Posttest

Delayed

Mean

SD

Mean

SD

Mean

SD

33%
25%
27%

0.29
0.28
0.32

59%
38%
52%

0.37
0.35
0.34

67%
38%
56%

0.35
0.35
0.35

11%
14%
10%

0.14
0.22
0.14

37%
17%
23%

0.29
0.24
0.25

42%
22%
30%

0.26
0.29
0.31

19%
13%
17%

0.19
0.17
0.22

44%
30%
31%

0.29
0.30
0.25

47%
27%
35%

0.26
0.28
0.23

20%
21%
22%

0.21
0.21
0.22

13%
29%
21%

0.20
0.31
0.24

10%
32%
19%

0.15
0.27
0.24

Procedural flexibility. Students in the All Visible condition
outperformed students in the Sequentially Visible condition, but
there were no differences between any other groups (see Table 6).
Conceptual knowledge. Pairwise comparisons reveal that
students in the All Visible condition scored significantly higher
than students in the Not Visible condition and students in the
Sequentially Visible condition (see Table 6). There were no differences between students in the Sequentially Visible and Not
Visible condition on conceptual knowledge (see Table 6).
These results could have been driven by the types of solution
strategies that students used (Rittle-Johnson & Star, 2007, 2009),
particularly subtraction (a common misconception).
Common misconception. The general pattern for students’
use of the common misconception displays a reverse pattern compared to the procedural knowledge performance, providing insight
into why the Sequentially Visible condition led to low accuracy
rates. Mann–Whitney U pairwise comparisons with a Bonferroni
adjusted alpha level of p ⫽ .0167 per test (.05/3) show that
students in the Sequentially Visible condition used the common
misconception significantly more from pretest to delayed test
compared to students in the All Visible condition, but no other
comparisons were significant (see Table 7).

Discussion
Overall, this study supported our hypothesis that the presence of
visual representations during a discussion comparing multiple so-

lutions to a problem can serve as a double-edged sword. The
presence and timing of visual representations impacted children’s
learning from a mathematical classroom lesson on ratio when
comparing a misconception to two correct strategies in both positive and negative ways. Having all visual representations available
simultaneously led to the highest rates of learning, while having
them presented sequentially led to the highest rates of misconceptions.
Specifically, the ability to see all compared representations
simultaneously throughout the discussion increased the likelihood
of schema formation and optimized learning when compared with
seeing compared representations only sequentially. This was evidenced by greater ability to: a) use taught procedures, b) understand multiple accurate solution strategies and select the most
efficient strategy, c) explain and use the concepts underlying
taught mathematics, and d) minimize use of a misconception.
Strikingly, presenting mathematical solutions sequentially led to
the lowest performance on these positive measures of learning, and
the highest rates of misconceptions at posttests. This condition led
to even lower learning rates overall than having no visual representations present during any of the comparison episodes, though
these differences were not present on all measures. The details of
how these conditions differed are informative to building theory
regarding the role of visual representations in comparisons and
schema formation.
Having the solution strategies presented only verbally (Not
Visible condition) led to performance rates that fell in between the
two visual representation conditions. Not Visible presentation did
lead to some retention of taught procedures and some schema
formation, but not as universally as in the All Visible condition. At
the same time, these participants (Not Visible condition) were less
likely than in the Sequential condition to produce the misconception, suggesting that they did not retain the instructed representations as well or uncritically as in that condition. It may be that the
Not Visible condition was most effortful for students and thus
some students were less successful than in the All Visible condition, but for those students who were able to perform that effort,
their learning was strong.
Drawing on theory on the cognitive underpinnings of structure
mapping, we interpret the differences between these conditions
based on their likely load on students’ executive function resources. Structure mapping is well established to require both the
ability to hold representations in mind and manipulate the relationships to identify and map structural alignments or misalignments (e.g., Waltz et al., 2000; Morrison et al., 2004), as well as to
effortfully inhibit attention to invalid relationships (e.g., Cho et al.,
2007; Richland & Burchinal, 2013). We suggest that having all

Table 5
Analyses of Covariance Results on Learning Outcomes
Procedural knowledge

Procedural flexibility

Conceptual knowledge

Factor

F

MSE

p

2

F

MSE

p

2

F

MSE

p

2

Condition
Pretest
Teacher

4.74
37.79
2.68

.67
5.32
.38

.012
.000
.106

.12
.35
.04

5.68
4.49
0.97

.660
.522
.113

.005
.038
.327

.14
.06
.01

4.41
29.33
0.66

.37
2.44
.05

.016
.000
.420

.11
.30
.01

ⴱ

Condition degrees of freedom are (2, 66); all others are (1, 70).
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Table 6
Pairwise Comparisons, by Condition With Pretest and Teacher
as Covariates for Both Posttests
Knowledge type

AV vs. SV

AV vs. NV

SV vs. NV

Procedural knowledge
Procedural flexibility
Conceptual knowledge

.007
.001
.005

.778
.129
.041

.013
.071
.407
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Note. The numbers above reflect p-values. The numbers in bold are
p-values ⬍ .05.

visual representations available during structure mapping reduced
the working memory load required for participants to hold the
representations active in mind, so they could use those resources
more directly for structure mapping.
In contrast, we suggest that having the representations presented
sequentially may have imposed the highest burden on the executive
function system, requiring students to effortfully inhibit attention to
the misconception representation presented first. This representation
was likely salient for its visual cues as well as for its coherence with
prior knowledge (hence being a common misconception). So, suppressing the impulse to retain and use this representation as it was and
rather to rerepresent this information through structure mapping may
have been particularly effortful and thus successful less of the time.
Performing analogical reasoning would have required executive function resources to revisit the misconception in light of subsequent
strategies to discard its validity. However, for the Sequentially Visible
group the misconception was no longer visible throughout the comparison; thus, making it more difficult to identify misalignments
between the appropriate strategy and the misconception.
As dual coding theory would suggest, reinforcing exemplars
through visual and auditory presentations leads to greater retention
(Clark & Paivio, 1991). Higher retention for the details of presented
representations might explain why participants in the sequential condition were most likely to retain and produce the misconception at
posttest, rather than showing evidence of schema formation—which
would have been expected if the students performed structure mapping. There is significant literature suggesting that people tend to use
data in the world to confirm their biases, potentially leading toward
difficulties in drawing appropriate inferences from analogies (Brown,
2014; Zook, 1991). Thus in this case this confirmation bias seems to
have led participants to retain the misconception as presented.

Figure 3. Estimated marginal means across both posttests on procedural
knowledge, procedural flexibility, and conceptual knowledge by condition.
Error bars are standard errors.
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Table 7
Summary of Mann-Whitney U Pairwise Comparisons of the
Common Misconception
Immediate posttest

AV vs. SV
AV vs. NV
SV vs. NV
Note.

Delayed posttest

Mann Whitney U

p-value

Mann Whitney U

p-value

208
277.5
263

0.034
0.49
0.159

178.5
270.5
266

0.007
0.41
0.179

Bonferroni adjustment renders alpha levels at p ⫽ .0167 (.05/3).

In sum, these results provide insight into the role of visual
representations in schema formation. Presence of visual representations can aid structure-mapping and schema formation when
representations of all compared solutions are visible, in particular
to improve conceptual understanding. However, having visual
representations presented only sequentially can actually hinder
structure mapping, leading to retention of the details of the representations rather than the overarching schema. This is particularly
evident in the situation tested here, in which one representation
being compared is a common misconception. Presenting analogs
sequentially increased usage of the misconception on posttest
when compared to having the analogs presented simultaneously,
which suggests that the visibility of the analogs may play an
important role in either supporting or derailing structure mapping.

Implications for Theory and Practice
The findings from this study have the potential to inform U.S.
teaching practices as well as to contribute to several areas of
cognitive scientific literatures. From a theoretical standpoint, these
findings extend previous laboratory-based results on analogical
learning to classroom contexts, using a video-based methodology
with high ecological validity.
In addition, the work extends studies of visual representations to
examine the role of visual representations on schema formation when
relational analogs include a misconception. Misconceptions are
mostly unexplored in prominent structure-mapping models (Gentner,
1983; Gentner & Forbus, 2011). Conceptual change literature
(Vosniadou, 2013; Chi, 2013; Carey & Spelke, 1994) has investigated
how people overcome misconceptions in the context of science education (Chinn & Brewer, 1993; Brown & Clement, 1989; Brown,
2014), and recently in mathematics (Vamvakoussi & Vosniadou,
2012), but the influence of misconceptions on structure-mapping
models remains to be fully defined. So, this study has potential to
contribute to both the conceptual change and analogy literatures.
These results are also informative in moving toward recommendations for teachers regarding optimal use of visual representations
during instructional comparisons—particularly for leading discussions about multiple ways of solving single problems. From an
instructional perspective, showing visual representations and making
mathematical comparisons is common to everyday mathematics instruction (Richland et al., 2007). Thus shifting to leave all source and
target representations visible throughout a full mathematical discussion, rather than only while they are first being presented, requires
only a reorganization of existing routines rather than a large time
investment and modification of current practice. Thus this intervention is feasible for integration into current teaching practices.
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Additionally, the use of more ecologically valid stimuli to test
teaching practices through a videotaped teacher guided lesson, instead
of static written learning materials, ideally allows for greater generalizability of our findings. Though, we warn against interpreting these
results to indicate that making analogs visible simultaneously will
always lead to successful structure mapping and mathematical
schema formation. Only that if the analogs being compared are
informative and the learner notices their relationship does making
them visible simultaneously aid in abstraction.
A primary constraint to implementation of making representations
visible throughout lessons is space. When codesigning this lesson
with teachers we faced the challenge that teachers often use their
presentation space (e.g., white boards) for many purposes including
daily schedules and reminders, which may reduce the amount of space
available to leave multiple representations visible. This challenge is
compounded by the trend to reduce presentation space through the use
of such technologies as electronic whiteboards, such as innovative
white board technologies (IWB; De Vita, Verschaffel, Elen, 2014).
These innovations enable teachers to control the board from their
computer in a dynamic fashion, allowing for advanced preparation or
careful design of visual representations, which can be a great strength.
However there is also typically less room to make multiple representations visible, because these boards are about a third of the size of
typical classroom chalk or white boards. These data suggest that
IWBs (e.g., Smart boards) have the potential to be highly effective at
instantiating single visual representations at a time, much as in our
sequentially visible condition, which led to the lowest learning gains
and greatest rate of misconceptions. Thus, our data imply that teachers
could enhance learning by invoking creativity in using these technological options to make a record of multiple visual representations.
In summary, these findings suggest that instructional recommendations should emphasize the utility of making compared representations visible simultaneously, but more broadly to highlight the importance of supporting learners in aligning, mapping, and drawing
inferences about the similarities and differences across representations
such as multiple solution strategies for a problem. Teachers should
also be made aware of the challenges inherent in making such comparisons when one of the representations is a misconception. In such
cases, students may need additional support to control their attentional
responses to the misconception in order to engage in more productive
knowledge rerepresentation and new schema formation. In the context
of instructional analogies, it is important to consider that visual
representations should highlight relationships between representations, not just increase salience, memorability, and clarity of one
representation. The latter has the potential to support deeper encoding
of a misconception, rather than desired schema formation that leads to
generalizable learning.

Limitations and Future Directions
The current study provides important findings on the role of visual
representations for challenging a common misconception through
structure-mapping in the mathematical area of proportional reasoning.
While this is an area that is critical for students’ future attainment of
algebra (Kilpatrick et al., 2001), a broader variety of mathematical
domains need to be tested to examine the universality of our results
before making a clear guideline for teachers.
A strength of our study is that the instructional stimuli derive from
videodata of a real classroom lesson, leading to a simulation of an

everyday classroom learning experience, with the aim to increase the
study’s generalizability to teaching practices. While video lessons are
an increasing trend with the heightened use of methodologies such as
“flipped classrooms” (Jinlei, Ying, & Baohui, 2012) in higher education, elementary students generally interact with live teachers, instead of recordings of a teacher. Despite this, video can convey
emotion, body language, and other nonverbal cues, thus offering a
more realistic medium than text-based or computerized materials.
Further, teacher actions within a video lesson are more translatable to
a true lesson.
Thus, this technology has high potential for maximizing internal
and external validity for testing findings evidenced in laboratory
contexts and translating them to teaching practices as well as isolating
the efficiency of instructional methods that teachers routinely use in
their classrooms. At the same time, there are limits to the simulation,
so a future direction for this work would be to extend the methodology into testing teacher-delivered material. Additional future directions include using the video methodology to test the efficacy of
additional aspects of the instructional routines to provide additional
explicit guidelines, including use of teacher gestures or order of
presenting contrasting representations.
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Transcript Sample of the Video-Lesson
(regular type ⫽ “suggested speech”, bold type ⫽ “suggested
teacher actions”)
Let’s go back to our original problem and pull this altogether. I’d
like us to think about how these strategies are different and how they
are similar. This is really important part of what we are doing today.
Let’s start with reviewing why Ryan’s strategy is not the best way
to solve this problem. Remember in Ryan’s strategy, he tried subtracting “total shots tried” from “shots made” and tried to compare the
missed shots (point to the subtraction results of 8 and 9) to figure
out who was the better free-throw shooter. But we found out that this
strategy does not work. Remember when Ken made 0 shots in the
counterexample (point to the counterexample), but still missed less
shots? From this example, we learned that we cannot subtract shots
tried from shots made (point to the subtraction results of 8 and 9)
and then compare the shots missed.
Subtraction is not the right way to solve this problem.
Now, how is this different from Carina’s strategy?
To find out who is better she first set up Ken and Yoko’s shots
made and shots tried as a fraction.
Without looking at the numbers (cover the numbers with your
palm), how is comparing the fractions of shots made and shots
tried for Ken and Yoko, in Carina’s strategy (point to the shots
made and shots tried ratio) fundamentally different from comparing shots missed only in Ryan’s way (point to the subtraction
results of 8 and 9)?
Brief Pauseⴱⴱⴱⴱ
Well, Ryan only compared one unit, shots missed (point to
shots missed), whereas Carina compared two units (shots made
and shots tried).
Why did she do that? Because they shot a different amount. So,
if we want to know who is better at shooting free throws when they

do not shoot the same number of shots, we have to compare the
number of shots made and the number of shots tried.
This relationship of comparing shots made to shots tried is
called a RATIO.
Thus,
WRITE: A relationship between two quantities is a RATIO.
So, after Carina set it up as a ratio, she made the shots tried of
Ken and Yoko, the 20 and the 25, equal to each other. She did this
by finding the LCM of, 20 and 25, which was 100 (point to the
ratio of 64/100 and 60/100), and then she multiplied 12 by 5 and
16 by 4 to get 60 and 64 respectively (point to the part where
Carina did the calculations on the board). Remember, she
multiplied 12 by 5 because that’s the number of times she had to
multiply 20 to make 100, and she multiplied 16 by 4 because that’s
the number of times it takes 25 to make 100. Therefore, since we
found the LCM and now the shots tried for both Ken and Yoko are
equal (point to shots tried), we can compare their shots made
(point to shots made). So the point here is that we have to make
the shots made equal in order to compare who is better.
This was a good strategy, but the problem with this strategy was
when we tried to find the LCM for harder numbers like 19 and 25
(point to these numbers) we had a hard time.
We found out from Maddie’s strategy that we could just divide
shots made with shots tried. Let’s try to figure out why Maddie’s
strategy works by comparing it to Carina’s. This is the really
important part of what we are doing today.
Something that is similar between Carina’s and Maddie’s, which
is different from Ryan’s strategy, is that they both take into
account two labels: shots tried and shots made. So they use the
same units to compare who is better . . .
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